INTRODUCTION

Let
(K, [.,.] ) be a Krein space (see [3] ), J a fundamental symmetry on K , (x,y):= [Jx,y] (x,y 6 K) and il'll the corresponding Hilbert space norm. All topological notions in the Krein space K are understood with respect to the topology generated by the norm
II'II
This topology does not depend on the special choice of the fundamental symmetry J For this and other facts about Krein spaces see [3] . We use the common definitions of symmetric, positive, selfadjoint and definitizable operators in Krein spaces (see [3] , [19] ). In this note all these operators are supposed to be densely defined. A definitizable operator in the Krein space K has a spectral function, possibly with critical points on the real axis, see [3] , [9] , [19] . The spectral function of the definitizable operator A will be denoted by E , and the set of critical We mention that the main criteria for the regularity of the critical point ~ given in Theorems 2.5 and 3.2 are inspired by a construction of Beals (see [2] ), see Remark 3.7.
In [5] we use the above results in order to study selfadjoint, ordinary differential operators with an indefinite weight function.
I. PRELIMINARIES The first statement follows from Theorem 2.23 in [13] .
To prove the second statement we observe that the inequality + I/2 ,,x,, 2 ( x c holds, we form a sum of the norm (1.1) and 11.111 , and apply the closed graph theorem.
We note that in the case 0 6 0(P) the norm (1.1) is equivalent to the norm x ~ llPxll 2 ( x 6 D(P) = H I ) 
and then, for
=< ~ <= I , we have T D(P a) c= D(P~)
and
The following corollary is a consequence of Theorem In a special case the equality in (1.2) holds for arbitrary nonnegative ~ . Namely, let S be a selfadjoint operator in the Hilbert space H which is bounded from below with a lower bound y Then for a ~ y it holds
This follows easily using the characterization of the elements of the domains in (1.3) by means of the spectral function of S . The proof of (b) uses the same ideas as the proof of (a).
LEMMA 1.8. -I Hence, we see that P + ai JP is a densely defined, closed operator with a dense range.
Let
3.
It holds true
where the asterisk * denotes operator adjoints in (K,(.,.))
According to the first step of this proof the operator on the right-hand side of (1.4) is boundedly invertible and we have
According to the second step of this proof the operator on the left-hand side of (1.5) is densely defined and closed. Therefore, in (1.5) (and hence in (1.4)) we have equality and p-1 + ai JP is a boundedly invertible operator. In a similar way we show that for a selfadjoint invertible operator P in the Hilbert space (K,(.,.)) such that
This result improves Lemma 3.1 from [18] where only the essential selfadjointness of the operator PJP is proved.
In order to prove the stated result we observe that -I P
• ai PJ are closed operators with dense ranges. Indeed, According to the equivalence (b) the operators on the right-hand side of (1.6) are boundedly invertible and we have
According to the preceding observation the operators on the left-hand side of (1.7) are densely defined and closed. Therefore, in (1.7) (and hence in (1.6)) we have equality and -I P
• ai PJ are boundedly invertible operators. The following statements are equivalent.
(i)
The operator A is fundamentally reducible.
(ii)
There exists a fundamental symmetry J such that AP m P A and AP m P A hold.
There exists a fundamental symmetry J such that
holds. 
(ii) [23, p. 122] Here, however, we suppose that the perturbed operator has a definitizable extension. This allows us to weaken the conditions on the perturbing operator slightly. The theorem is proved.
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